Abstract. In this article, we investigate the set of γ-sortable elements, associated with a Coxeter group W and a Coxeter element γ ∈ W, under Bruhat order, and we denote this poset by B γ . We prove that this poset belongs to the class of SB-lattices recently introduced by Hersh and Mészáros. We use an observation of Armstrong, namely that B γ is a join-distributive lattice, to generalize the previous result, and to show that all join-distributive lattices are SB-lattices. Subsequently, we investigate for which finite Coxeter groups W and which Coxeter elements γ ∈ W the lattice B γ is distributive. It turns out that this is the case for the "coincidental" Coxeter groups, namely the groups A n , B n , H 3 and I 2 (k). We conclude this article with a conjectural characteriziation of the Coxeter elements γ of the said groups for which B γ is distributive in terms of forbidden orientations of the Coxeter diagram.
Introduction
Recently, Hersh and Mészáros introduced a new class of lattices, so-called SBlattices, see [11] . They showed that these lattices admit a certain edge-labeling, which implies that the order complex of every open interval of this lattice is homotopy equivalent to a sphere or a ball (hence the name). Equivalently, the Möbius function of such a lattice takes values only in {−1, 0, 1}. In the same paper they showed that every distributive lattice admits an SB-labeling, and they showed that the same is true for the weak order on a Coxeter group and for the Tamari lattice. Inspired by their results, we investigate the set of γ-sortable elements on a Coxeter group, denoted by C γ , as defined by Reading and Speyer, see [17, 19] . If we equip C γ with the Bruhat order, then we obtain an infinite lattice, denoted by B γ . As a first result, we show that B γ admits a very natural SB-labeling. Moreover, it follows from Armstrong's work on ω-sorting orders on Coxeter groups, see [2] , that B γ is a join-distributive lattice, i.e. it can be realized as the lattice of feasible sets of an antimatroid, see [7] . This connection allows us to show that every join-distributive lattice admits an SB-labeling. This result generalizes Hersh's and Mészáros' result on distributive lattices. To summarize, the first main result of this paper is the following.
Theorem 1.1. Every join-distributive lattice is an SB-lattice. In particular, the Bruhat order on γ-sortable elements is an SB-lattice for every Coxeter group W and every Coxeter element γ ∈ W.
Join-distributivity is a generalization of distributivity, and while working with the poset B γ we observed that for some Coxeter groups and for some Coxeter elements the lattice B γ is in fact distributive. This led us to the question whether we can characterize the (finite) Coxeter groups W and the Coxeter elements γ ∈ W for which B γ is distributive. We approach this problem by looking for forbidden orientations of the Coxeter diagram of W, and we prove the following result. The finite Coxeter groups appearing in Theorem 1.2 are sometimes called the "coincidental types", since these groups enjoy a list of properties that distinguishes them from the other finite (complex) reflection groups, see [10, 
Preliminaries
In this section, we recall the basic concepts needed in this article. For more background on SB-labelings, we refer to [11] . For any undefined notation and additional information on Coxeter groups and sortable elements, we refer to [5] and [19] , respectively.
2.1. SB-Labelings. Let P = (P, ≤) be a (possibly infinite) poset. An element p ∈ P is covered by another element q ∈ P (denoted by p ⋖ q) if p < q and there exists no z ∈ P with p < z < q. Accordingly, q covers p and the elements p and q form a cover relation or an edge in P. The set E (P ) = (p, q) | p ⋖ q is the Hasse diagram of P.
For p ≤ q we call a set of the form
A poset P is a lattice if any two elements in P have a least upper and a greatest lower bound, denoted by ∨ and ∧, respectively. A lattice is locally finite if every interval is finite.
An edge-labeling of P is a map λ : E (P ) → Λ, where Λ is some set of labels. An SB-labeling of a lattice P is an edge-labeling λ of P that satisfies the following properties for every p, p 1 , p 2 ∈ P with p ⋖ p 1 , p 2 : Figure 1 shows the Coxeter diagrams of the finite irreducible Coxeter groups. Since S is a generating set of W, we can write every w ∈ W as a product of Coxeter generators. The least number of generators needed to form w, is called the Coxeter length of w, and will be written as ℓ S (w). We say that a word
Without loss of generality, we can restrict our attention to the Coxeter element γ = s 1 s 2 · · · s n . Consider the half-infinite word
The vertical bars have no influence on the structure of the word, but shall serve for a better readability. Clearly, for every w ∈ W, every reduced word for w can be written as a subword of γ ∞ . We call the lexicographically first subword of γ ∞ that is a reduced word for w, the γ-sorting word of w, and we denote it by γ(w). We can write
for l ∈ N and δ i,j ∈ {0, 1} for i ∈ {1, 2, . . . , l} and j ∈ {1, 2, . . . , n}. The i-th block of w is the set Figure 1 . The Coxeter diagrams of the finite irreducible Coxeter groups.
and we write C γ for the set of γ-sortable elements of W. Further, define the set of filled positions of w as
We notice that α γ depends on the choice of reduced word for γ, while C γ does not.
Remark 2.3. The concept of γ-sortability was introduced by Reading in [17] as a generalization of stack-sortability, and was used to define the family of Cambrian lattices associated with a Coxeter group [15, 19] . The number of γ-sortable elements of W is the W-Catalan number, defined in [4, Section 5.2], and Reading used the γ-sortable elements to provide a bridge between the noncrossing partitions of W and the clusters of W, see [16] . The concept of γ-sortability has been further extended by Armstrong in [2] , where he defined ω-sortability for an arbitrary, not necessarily reduced word ω in the Coxeter generators of W, and if ω = γ ∞ , then one obtains precisely the γ-sortable elements.
The Bruhat Order on Sortable Elements
Instead of considering the usual order on γ-sortable elements 1 we equip C γ with the Bruhat order to be defined next. 
Clearly the identity ε is the least element with respect to ≤ B . Moreover, the poset (W, ≤ B ) is graded by ℓ S , but it is in general not a lattice. Thus we restrict our attention to the subposet B γ = (C γ , ≤ B ), and in what follows, we index poset-theoretic notions that refer to the Bruhat order on γ-sortable elements by "B", i.e. an interval in the poset B γ will be denoted by [u, v] Proof. First of all, let w ∈ C γ with ℓ S (w) = k. The interval [ε, w] B is certainly finite, since w has finite length. Moreover, using the terminology from above, it is easy to see that w ≤ B w ′ if and only if α γ (w)
In particular,ū is the least upper bound for both u and u ′ . Hence the interval [ε,ū] B is finite, and analogously to before we see that any two elements in this interval possess a join. Hence it is a classical lattice-theoretic result that [ε,ū] B is a lattice. It follows immediately that the meet of u and u ′ exists as well, and the proof is complete. Theorem 3.2 was already mentioned in [2, Section 6]. It should be remarked that in general B γ is an infinite lattice with no greatest element, which implies in particular that B γ is no complete lattice. Proof. Let u, u 1 , u 2 ∈ C γ such that u ⋖ B u 1 , u 2 . Since B γ is graded by ℓ S it follows that there are integers i 1 and
In particular, the joinū = u 1 ∨ B u 2 is uniquely defined by the property α γ (ū) = α γ (u) ∪ {i 1 , i 2 }, and in particular satisfies u 1 , u 2 ⋖ Bū . This implies also that the interval [u,ū] B consists only of the four elements u, u 1 , u 2 ,ū. Define
Hence the labeling
is an SB-labeling of B γ .
1 Usually, the set of γ-sortable elements of a Coxeter group is equipped with the weak order, and the resulting poset is the so-called γ-Cambrian semilattice. See [19] [1] that B γ is a joindistributive lattice. A lattice P = (P, ≤) is join-distributive if it is both meetsemidistributive 2 and upper semimodular 3 . See [7] for more information on joindistributive lattices. Armstrong's remark together with Theorem 3.3 led us to the question whether all join-distributive lattices admit an SB-labeling.
Before we answer that question, we recall some more theory. An antimatroid is a pair (M, F ) , where M is a set and F ⊆ ℘(M) is a family of subsets of M that satisfies the following properties:
(i) ∅ ∈ F ; and (ii) if X, Y ∈ F with Y ⊆ X, then there exists some x ∈ X \ Y such that X ∪ {x} ∈ F . The elements of F are called the feasible sets of (M, F ). We have the following result. In view of this correspondence we can now conclude the following result.
Theorem 3.8. Every join-distributive lattice admits an SB-labeling.
Proof. Let P be a join-distributive lattice. In view of Theorem 3.7, we can view P as a lattice of feasible sets of some antimatroid (M, F ), and thus every edge in P is determined by a pair X, Y ∈ F with Y \ X = {x}. This induces an edgelabeling of P, which we will denote by λ F . Since P is upper-semimodular, it follows that for any p, p 1 Proof. This follows from Theorems 2.2 and 3.8.
Proof of Theorem 1.1. This follows from Theorems 3.3 and 3.8.
Remark 3.10. Join-distributivity can be seen as a generalization of distributivity, see (2) and (3) below. In that sense, Theorem 3.8 generalizes [11, Theorem 5.1], which stated that every distributive lattice is an SB-lattice. Remark 3.11. All join-distributive lattices are by definition meet-semidistributive. Lattices that satisfy the meet-distributive law and the corresponding dual law are called semidistributive. Obviously, every distributive lattice is also semidistributive, but semidistributive lattices need no longer be graded. It is known that the Möbius function of a semidistributive lattice takes values only in {−1, 0, 1}, [8] , and it would be interesting whether such lattices are always SB-lattices. [11] states that the Tamari lattices are SBlattices. We could produce SB-labelings for some small Cambrian semilattices, but we could not find a uniform definition of such a labeling. We nevertheless pose the following conjecture. 
Distributivity of the Bruhat Order on Sortable Elements
Recall that a lattice P = (P, ≤) is distributive if it satisfies one of the two following, equivalent, properties for all p, q, r ∈ P:
Armstrong remarked in [2] that for a certain Coxeter element of the Coxeter group A n the lattice B γ coincides with the lattice of order ideals of the root poset of A n . (For any undefined terminology, we refer once more to [5] .) Hence this particular lattice is distributive. However, Armstrong remarked that this "phenomenon, unfortunately, does not persist for all types". In this section we partially answer the question for which finite Coxeter groups and which Coxeter elements the lattice B γ is distributive. The first four orientations in the first row correspond to case (i) in Proposition 4.3, the first three orientations in the second row correspond to case (iii) in Proposition 4.3, and the fourth orientation in the second row corresponds to case (iv) in Proposition 4.3. Hence B γ cannot be distributive for Coxeter elements inducing these orientations.
If W = D n , for n > 4, or W = E n , for n ∈ {6, 7, 8}, then we conclude from Figure 1 
